Abstract. For a generic conservative diffeomorphism of a closed connected 3-manifold M , the Oseledets splitting is a globally dominated splitting. Moreover, either all Lyapunov exponents vanish almost everywhere, or else the system is non-uniformly hyperbolic and ergodic. This is the 3-dimensional version of the well-known result by Mañé-Bochi [14, 4] , stating that a generic conservative surface diffeomorphism is either Anosov or all Lyapunov exponents vanish almost everywhere. This result inspired and answers in the positive in dimension 3 a conjecture by Avila-Bochi [2] .
Introduction
Let m be a smooth volume form on a closed connected Riemannian manifold M . Given a conservative diffeomorphism f on M , the Lyapunov exponents evaluate the exponential growth of the norm of the derivative along the direction of a given vector. Namely, for any tangent vector v in T x M , the associated Lyapunov exponent is (1.1) λ(x, v) = lim
This amount is not necessarily well defined; however, Oseledets [15] proved in the sixties that for m-almost every point in the manifold, there exists a splitting of the tangent bundle
and numbersλ 1 (x) > · · · >λ l(x) (x) such that for each vector in the subspace E i (x) its associated Lyapunov exponent isλ i (x).
As it is expectable from its generality, the variation of the Oseledets splitting with respect to x is only measurable. The limits in the formula (1.1) are not uniform, but they are also measurable with respect to x.
In 1983, Mañé suggested that C 1 -generically the Oseledets splitting and the Lyapunov exponents had a more regular behavior [14] . He went further to propose a program.
In [14] , Mañé announced that the generic area-preserving diffeomorphism of a compact two-dimensional manifold are either Anosov, or else all Lyapunov exponents vanish almost everywhere. A complete proof of this fact was given only almost 20 years later by Bochi in [4] , see Theorem 2.4. In particular, the following generic dichotomy holds: either all Lyapunov exponents vanish almost everywhere or the diffeomorphism is ergodic and non-uniformly hyperbolic (no Lyapunov exponent vanishes).
In this work, we obtain a result analogous to Mañé-Bochi's in the 3-dimensional setting: Theorem 1.1. A C 1 -generic conservative diffeomorphism f of a closed connected 3-manifold M , satisfies one of the following alternatives:
(1) all Lyapunov exponents of f vanish almost everywhere, or (2) f is coarsely partially hyperbolic , non-uniformly hyperbolic, and ergodic.
A diffeomorphism f is coarsely partially hyperbolic if the tangent bundle admits a dominated splitting of the form
where E s and E u are hyperbolic, and E cs and E cu are volume hyperbolic, that is, volume contracting or volume expanding respectively.
Let us call Nuh(f ) the Pesin region of f , the set where there is non-uniform hyperbolicity, namely:
Nuh(f ) = {x : all Lyapunov exponents of x are different from zero} A first generalization of Mañé-Bochi result was obtained by Bochi and Viana in [5] : they prove that generically among conservative systems, the Oseledets splitting of almost every orbit is dominated, see more details in Theorem 2.5. An invariant splitting T o(x) M = E o(x) ⊕ F o(x) is dominated over the orbit of x if there is an integer l ≥ 1 such that all unit vectors v E ∈ E x and v F in F x satisfy:
This high-impact result, however, does not preclude the coexistence of different behaviors such as the vanishing of all Lyapunov exponents and a non-trivial Pesin region. In particular, even though it brings useful information in specific cases, no information is obtained about genericity of ergodicity, or the extension of the Oseledets splitting to a dominated splitting defined over the whole manifold M . More recently, Avila and Bochi [2] improved this result by showing that for a generic conservative diffeomorphism, either the Pesin region has measure zero, or else it is a dense ergodic component, and the Oseledets splitting extends to a dominated splitting over the manifold, see Theorem 2.6. This is the first result about generic global dominancy of the Oseledets splitting since [14, 4] .
It could happen, a priori, however, that the Pesin region does not have total measure. Indeed, there could exist a positive measure set of points with at least one zero Lyapunov exponent. Nevertheless, the existence of a global dominated splitting implies that there are at least two exponents different from zero amost everywhere, one that is positive and the other one that is negative.
As a by-product of Bochi-Viana's [5] and Avila-Bochi's [2] results, we obtain from Theorem 1.1:
1 -generically among conservative diffeomorphisms of closed connected 3-manifolds, the finest Oseledets splitting is globally dominated.
The core of the proof of Theorem 1.1 is to show that if a diffeomorphism has a positive measure set where the three Lyapunov exponents take, respectively, positive, negative and zero signs, then owe can perturb it so that either this set vanishes, or the perturbation is partially hyperbolic on the whole manifold, see the sketch of the proof below (Subsection 1.1). Since the set of partially hyperbolic diffeomorphisms is open, we use that ergodicity is generic among C 1 -partially hyperbolic diffeomorphisms [18] , so that we obtain a generic set of partially hyperbolic diffeomorphisms with constant Lyapunov exponents. The techniques of Baraviera-Bonatti [3] then allow us to remove the zero Lyapunov exponent. Theorem 1.1 is the 3-dimensional version of Theorem 2.4 by Mañé-Bochi. This theorem, and Theorem 2.6 by Avila-Bochi inspired them the following general conjecture: [2] ). For a C 1 -generic diffeomorphism f of a closed connected manifold, either one of the following holds:
(1) all Lyapunov exponents vanish almost everywhere, or else (2) the Pesin region Nuh(f ) has full measure, f is ergodic and the Oseledets splitting extends to a global dominated splitting.
Very recently, Avila, Crovisier and Wilkinson have announced a proof of this conjecture, by different methods from the ones presented here.
It is interesting to note that in dimension 2, the Mañé-Bochi Theorem implies that for all surfaces other than the 2-torus, the generic situation is that all Lyapunov exponents vanish almost everywhere, whereas in the 2-torus, the Pesin region has full measure generically in the set of Anosov diffeomorphisms. However, in the 2-torus there is also a nonempty open set of diffeomorphisms inside which the generic system has vanishing Lyapunov exponents almost everywhere; this happens for instance, in the isotopy class of the identity.
In dimension 3, the following holds: for every 3-manifold there is a non-empty open set of conservative diffeomorphisms for which generically all Lyapunov exponents vanish almost everywhere, as Grin showed in her Msc. thesis [8] . In [2] it is shown that even-dimensional spheres S 2k do not admit a globally dominated spitting. This implies that C 1 -generically in S 2k , the Pesin region has measure zero, as follows from Theorem 2.6 below.
The following is also unknown: For any partially hyperbolic compact invariant set K such that 0 < m(K) < 1 and dim E c = 1, there are two periodic points p and q in K that are strongly heteroclinically related, that is
and the intersections are quasi-transverse, that is, for each z ∈ W ss (p)∩ W uu (q), the intersection space is trivial:
See more details in section 5. We emphasize that this is not a generic result, it holds for every diffeomorphism f of a manifold of any dimension, as long as dim E c = 1. As a consequence, we have Moreover, if K is l-partially hyperbolic, then f is l-partially hyperbolic over M .
The precise meaning of partial hyperbolicity and l-partial hyperbolicity is given in Definition 2.3.
be the Lyapunov exponents. Call Reg the set of regular points x for which the limit (1.1) exists for every v ∈ T x M . Recall that m(Reg) = 1. Define the following sets (1.2)
The sets B σ (f ), with σ = 000, − − +, − + +, −0+ are invariant disjoint sets that form a partition of M modulo a zero set.
Firstly, we show the main result, Theorem 1.1, under the hypothesis that generically in Diff 1 m (M ) the set B −0+ (f ) has zero measure (Proposition 3.1 of Section 3) . The rest of the paper consists in proving that, indeed, the hypothesis that generically in Diff 1 m (M ), the set B −0+ (f ) has zero measure, is satisfied. Now, generically in Diff
there is a partially hyperbolic set with positive measure. This essentially follows from Bochi-Viana's Theorem 2.5, see also Proposition 4.1. The most delicate step is to show that generically, if there is such a partially hyperbolic set, then it must be the whole manifold (Corollary 1.7). In that case we would have that generically, if m(B −0+ (f )) > 0, then f is partially hyperbolic. But generic partially hyperbolic diffeomorphisms are ergodic, due to Hertz-Hertz-Ures' result [18] . Using a technique by Baraviera and Bonatti [3] , we remove the center zero Lyapunov exponent (Proposition 4.4), obtaining a C 1 -open set where non-uniform hyperbolicity is generic. This proves that generically the set B +0− (f ) has zero measure, and the main result follows.
So, the most delicate step, as we have mentioned, is to show Corollary 1.7, namely, that C r -generically, if there is a partially hyperbolic set with positive measure, then this set is the whole manifold, for all 1 ≤ r ≤ ∞. We sketch below the proof for r > 1, the case r = 1 follows easily, more details in Section 5 .
Assume that there is such a partially hyperbolic set which is not the whole manifold, then we can show that this set contains an immersed surface foliated by lines tangent to the hyperbolic bundles E 1 (x) and E 3 (x) of the partially hyperbolic splitting (see Definition 2.3). We call these lines strong leaves. The surface looks more or less like the one depicted in Figure 1 , and in general is not compact. The strong leaves Figure 1 . A surface foliated by strong leaves meet at bounded from below angles. A Kupka-Smale type argument shows that the strong leaves of periodic points generically do not intersect. The rest, and most involved part of the proof consists in showing that periodic points accumulate on this surface with the intrinsic topology (Section 6 ). This implies, due to the boundedness of the angles, that their strong leaves do intersect, which is a non-generic situation. Therefore, generically this surface does not exist, so the partially hyperbolic set is either a zero measure set or the whole manifold.
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Preliminaries
Let M be a closed connected Riemannian 3-manifold and let m be a smooth volume measure. We consider the set Diff 1 m (M ) of C 1 diffeomorphisms preserving m, endowed with the C 1 topology. As we have stated in the introduction, given a diffeomorphism f ∈ Diff 1 m (M ), for m-almost every point there exists a splitting, the Oseledets splitting,
, called the Lyapunov exponents such that for every nonzero vector v ∈ E i (x), we have
where λ(x, v), defined in Equation (1.1), is the exponential growth of the norm of T f along the direction of v. The dimension of each E i (x) is called the multiplicity ofλ i (x). In our setting, we obtain, counting each Lyapunov exponent with its multiplicity:
Definition 2.1 (Dominated splitting). Given an f -invariant set Λ, and two invariant sub-bundles of T Λ M : E and F such that T Λ M = E Λ ⊕ F Λ , we call the splitting an l-dominated splitting if for all x ∈ Λ and all unit vectors v E ∈ E x and v F ∈ F x we have:
Note that we do not require Λ to be compact. In particular, we shall denote E x l F x when the inequality (2.3) is satisfied for the orbit of x. A splitting will be called dominated if there exists l ∈ N such that it is l-dominated. When a splitting is dominated, the direction of a vector not in E nor in F will converge to E under forward iterates and to F under backward iterates.
Definition 2.3 (Partial hyperbolicity). We say that f is l-partially hyperbolic over an invariant set Λ if the tangent bundle splits into three non-trivial invariant sub-bundles
As in the definition of dominated splitting, Λ need not be compact. If f is partially hyperbolic over Λ, we also say that Λ is a partially hyperbolic set. A diffeomorphism f is partially hyperbolic if there is a partially hyperbolic splitting over the whole manifold M . Call PH As we mentioned in the Introduction, Mañé and Bochi proved that there is a dichotomy for generic conservative diffeomorphisms on surfaces: Theorem 2.4 (Mañé-Bochi [14] , [4] ). For a C 1 -generic conservative diffeomorphism f on a closed connected surface, either one of the following holds:
(1) all Lyapunov exponents vanish almost everywhere (2) f is Anosov
This dichotomy was later generalized in some weaker sense by Bochi ad Viana:
, the Oseledets splitting of almost every x is dominated.
More recently, Avila and Bochi found a stronger formulation, that is valid for manifolds of any dimension. Call
The zipped Oseledets splitting of x is defined as
Theorem 2.6 (Avila-Bochi [2] ). For a C 1 -generic conservative diffeomorphism of a closed connected manifold, either:
(1) the Pesin region has measure zero: m(Nuh(f )) = 0, or (2) f | Nuh(f ) is ergodic and Nuh(f ), is everywhere dense, that is, it meets every open set in a positive measure set. The zipped Oseledets splitting over Nuh(f ) extends to a global splitting T M = E + ⊕ E − that is dominated.
Lyapunov exponents and global dominated splitting
From now on, let M be closed connected Riemannian 3-manifold, and f be a diffeomorphism in Diff 
Since, by hypothesis m(B −0+ (f )) = 0, and we have just proved that m(B 000 (f )) = 0, then f is non-uniformly hyperbolic on M , that is m(Nuh(f )) = 1. This implies by Theorem 2.6 that f is ergodic. Since B −−+ (f ) and B −++ (f ) are invariant sets, and their union is M modulo zero, then one of them has full measure. And, since almost every orbit is dense, we have, by [5] , that the finest Oseledets splitting extends to a globally dominated splitting.
If, on the contrary, m(B −−+ (f ) ∪ B −++ (f )) = 0, then we obviously have m(B 000 (f )) = 1.
The rest of the paper consists in showing that generically we are in the hypotheses of Proposition 3.1.
Diffeomorphisms having a partially hyperbolic set
Let us define the set B str (f ) = {x ∈ Reg : λ 1 (x) > λ 2 (x) > λ 3 (x)}, the invariant set of x for which the inequalities between Lyapunov exponents are strict. Then B +0− (f ) ⊂ B str (f ). Let
This set is l-partially hyperbolic in the sense of Definition 2.3. Indeed, the l-domination and Remark 2.2 imply that for all x ∈ P H(f, l)∩Reg,
Since f is conservative λ 1 (x) + λ 2 (x) + λ 3 (x) = 0, this implies that λ 1 (x) > 0 and λ 3 (x) < 0 for a total measure set in P H(f, l), that is µ-almost every x for each measure µ supported on P H(f, l). Mañé proves in [13, pages 521,522 ] that this implies that Df −k (x) is contracting on E 1 (x) and Df k (x) is contracting on E 3 (x) for some k ∈ N.
Conversely, all l-partially hyperbolic sets are contained in P H(f, l) modulo a zero set.
For each l, n ∈ N, we consider the sets P 
That is, for a generic diffeomorphism in Diff 1 m (M ), if f is in A(M ) then f has an l-partially hyperbolic set with positive measure, for some l ∈ N.
Proof. Call R the residual set of diffeomorphisms of Diff 1 m (M ) obtained in Theorem 2.5 for which the Oseledets splitting of almost every orbit is dominated. For f ∈ R∩A(M ) and m-a.e. x ∈ B str (f ), the Oseledets splitting of x, which is of the form
In other words, for f ∈ R ∩ A(M ), the set B str (f ) coincides modulo a zero set with the set
we have m(B str (f ) > 0, but being the union of sets P H(f, l) countable, at least one of them will satisfy m(P H(f, l)) > 0, therefore m(P H(f, l)) ≥ 1 n for some n. From this we get that R ∩ A(M ) is contained in l,n P 1 l,n (M ), and the claim follows. Proposition 4.2. For each l, n ∈ N, and r ≥ 1 the set P r l,n (M ) is C r -closed.
The sets P H(f k , l) are all compact. Let us consider K the Hausdorff limit of any converging subsequence of P H(f k , l)'s in the Hausdorff topology. Then K is contained in P H(f, l), since the l-dominated splittings vary continuously with respect to f in the C r -topology. On the other hand, m is upper semi-continuous with respect to Hausdorff limits, that is, if A n converge to A in the Hausdorff topology, then lim sup n m(A n ) ≤ m(A). This implies that m(P H(f, l)) ≥ lim sup k m(P H(f k , l)) ≥ 1 n , and proves the claim.
As a consequence, we have that P r l,n (M ) \ int(P r l,n (M )) is a closed set with empty interior, and hence we obtain: 
Generic non-existence of proper partially hyperbolic subsets
In this section we deduce Corollary 1.7, from Theorem 1.6 Assume first r > 1. Let K be a partially hyperbolic set such that 0 < m(K) < 1. For each x ∈ K there are immersed manifolds W uu (x) tangent to E u (x) and W ss (x) tangent to E s (x), see for instance [11] . They are called, respectively, the strong unstable and strong stable manifolds. They are uniquely defined by the fact of being tangent to E u (x), respectively E s (x) at every point. In our case, they are immersed lines.
From Theorem 1.6 it follows there are two periodic points p and q in K that are strongly heteroclinically related, that is
. Two immersed manifolds W and V are transverse if either they do not intersect, or else they satisfy
at every point x ∈ V ∩W . We denote V W if V and W are transverse immersed manifolds.
Proposition 5.1. For all r ∈ [1, ∞], there exist a residual set of diffeomorphisms R such that for f ∈ R, all f -periodic points p, q are hyperbolic, and satisfy
where W uu (p) and W ss (q) are the strong unstable of p and the strong stable manifold of q, respectively.
The proof of Proposition 5.1 can be straightforwardly adapted from the well known Kupka-Smale Theorem's proof. Theorem 1.6 and Proposition 5.1 imply that C r -generically with r > 1, there is no partially hyperbolic subset K with 0 < m(K) < 1. For if there were, there would be two periodic points, the strong stable and unstable manifolfds of which have non-trivial intersection. This intersection cannot be transverse, since the sum of the dimensions of the manifolds involved is (n − 1).
The case r = 1 follows from the case r > 1. Consider the C 1 -interior of the set of diffeomorphisms P 1 l,n (M ). Due to Avila's regularization result [1] , the C r -interior of P r l,n (M ) is C 1 -dense in the interior of P 1 l,n (M ), for r > 1. Since it was already established the validity of Corollary 1.7 for r > 1, we have that there is a C 1 -dense set of l-partially hyperbolic diffeomorphisms in the interior of P 1 l,n (M ). The set of l-partially hyperbolic diffeomorphisms is C 1 -closed, so all f in intP 1 l,n (M ) are l-partially hyperbolic . As we have seen in the previous section, the set of diffeomorphisms f for which m(P H(f, l)) > 0 differs from the union over n of int(P l,n (M )) in a meager set, so we get Corollary 1.7 for r = 1.
Proof of Theorem 1.6
Let f be a diffeomorphism in Diff r m (M ), with r > 1. M is a closed connected n-manifold. Let K be a compact invariant l-partially hyperbolic set such that 0 < m(K) < 1 and such that dim E c x = 1 for all x ∈ K.
The essential closure of K is
ess(K) is a closed subset of K that contains all Lebesgue density points of K; therefore m(ess(K)) = m(K).
A proof of the following lemma can be also found in [21, Corollary B]
For each x ∈ M the Pesin manifolds, are defined by
The Pesin manifolds are immersed manifolds, see for instance [17] . The dimension of W + (x) equals the number of positive Lyapunov exponents, and analogously, the dimension of W − (x) equals the number of negative Lyapunov exponents. For x ∈ K it is easy to check that (6.10)
If K is any invariant set with positive measure, then for almost every point x in K, almost every y in W + (x) and almost every z in W − (x) belong to K. A proof of this known fact may be found, for instance, in [20, Lemma 4.3] .
In our case, K is compact, and all points in K are accumulated by positive measure sets of points in K; hence W + (x) ∪ W − (x) ⊂ K for all x ∈ K. From (6.10) we get the claim.
From now on, let us assume that K = ess(K). For each x ∈ K, the accessibility class of x is the set of points that can be joined to x by means of a path that is piecewise tangent to E s or E u ; that is, the accessibility class is the minimal s-and u-saturated set that contains x. We denote it by AC(x). It follows from Lemma 6.1 that AC(x) ⊂ K. Denote by O K the set of open accessibility classes in K. Then Proposition 6.2. The accessibility class of each point in Λ = K \ O K is an immersed surface that is complete with the intrinsic topology. The angles between s-and u-leaves are uniformly bounded from below in the compact invariant set Λ. Moreover, the set Λ is a compact lamination.
Proof. As a first step, let us see that a point x is in O K if and only if its accessibility class AC(x) has non-empty interior. Take an open subset U of AC(x), and consider any point y in U , and z ∈ AC(x). Then, by definition, there is an su-path from y to z, that is, a finite concatenation s 1 , u 1 , . . . , s k , u k of s-and u-leaves, having one end-point in y and the other one in z. Take the set of all s-leaves through points in U . This is an open set, due to the continuity of the holonomies. Call this set U 1 . Now consider all u-leaves through points in U 1 . This is also an open set, contained in AC(x). Defining inductively the open sets U i , and considering successively the corresponding s-and u-leaves, we obtain that z belongs to U 2k , which is an open set contained in the accessibility class of x, AC(x). This proves that all points in AC(x) are interior points, hence x is in O K , the set of points with open accessibility classes. See also [18] . Now, let x be a point in Λ, and consider the (closed) local stable manifold W ss ε (x) ⊂ W ss (x). For each y in the local stable manifold of x, take its (closed) local unstable manifold W uu ε (y) ⊂ W uu (y). We call this set W su ε (x). W su ε (x) is contained in AC(x) and is a topological (n − 1)-manifold that separates a small ball around x in two connected components. To see this, recall that due to the Stable Manifold Theorem [11] , W ss ε (x) is an embedding ψ of a closed s-dimensional disc of radius 1, and for each y ∈ W ss ε (x), the set W uu ε (y) is an embedding φ y of a closed u-dimensional disc of radius 1, the embeddings vary in a Hölder continuous way with respect to y.
is compact, h x is a homeomorphism onto its image.
Since z → h z is continuous, there exists δ > 0 such that for all z ∈ B δ (x), the set W su ε (z) separates B δ (x) in (at least) two connected components. Indeed, take a C 1 (s + 1)-manifold W s+1 (x) containing W s (x) and transverse to the leaves W u . Extend W u to a continuous foliation in a small ball B δ (x). Define a homeomorphism ϕ :
, and ϕ(0, 0, 0) = x, in the natural way, that is, so that the image for each fixed (s 0 , c 0 ),
Since ϕ is a homeomorphism, and The paragraph above shows that the patches W su ε (x) have as a coordinate system the local stable and unstable leaves. The immersion of the patches in the manifold are C r when restricted along these coordinates. Then a lemma by Journé [12] 2 implies that the patches are C 1 . The angles between the local stable and unstable leaves are bounded, due to the compactness of K. This implies that the size of the patches W su ε (x) are uniformly bounded from below. All these arguments together yield that AC(x) is a complete immersed surface, for each x ∈ Λ. The continuity of the stable and unstable leaves implies that Λ is, in fact, a lamination.
There are two possibilities for the compact lamination Λ = K \ O K :
(1) Λ contains a compact leaf (2) Λ contains no compact leaves. Let us treat them separately:
6.1. The lamination Λ contains a compact leaf. Consider the set of all compact leaves of Λ. Häfliger proves in [9] that this set is also a compact lamination, call it T . This lamination is also invariant. All leaves in T are compact manifolds subfoliated by W ss and W uu .
Definition 6.3. Given a compact lamination Λ contained in a partially hyperbolic set, a leaf L ∈ Λ is called a boundary leaf if there exists a local center segment
Lemma 6.4. If T is the compact invariant lamination consisting of the compact leaves of Λ, then there is a boundary leaf of T that is periodic.
Proof. If T has only a finite number of boundary leaves, then the result follows, since boundary leaves go into boundary leaves under the action of f .
Suppose T has infinitely many boundary leaves. This implies there exists two boundary leaves L 1 and L 2 such that L i ⊂ B ε (L j ) for i, j = 1, 2 and arbitrarily small ε > 0. They are such that the open set V in between L 1 and L 2 does not intersect T . Since f is conservative, there exists n > 0 such that f n (V ) ∩ V = ∅. For this n > 0, we have in fact that f n (V ) = V , for otherwise V ∩ T = ∅. This implies that L 1 and 2 are invariant under f 2n .
As a consequence of Lemma 6.4, there exists a periodic manifold L everywhere tangent to E ss ⊕ E uu . It follows that f | L is Anosov. The non-wandering set of f | L contains infinitely many periodic points. Since L is compact, there are arbitrarily close periodic points that are heteroclinically related inside L, that is there are p, q ∈ L ⊂ K such that
and the intersection is quasi-transverse. This proves Theorem 1.6 in the case that Λ contains a compact leaf. 3 over a non-compact manifold, called interstitial regions. One can take the interstitial regions to be as thin as one wishes. They get thinner and thinner as they go away from the gut. The decomposition into interstitial regions and guts is unique up to isotopy (see [7, 10, 19] ). See The interstitial regions consist of the points such that a < ε and b < ε, completed with respect to the induced path metric. This is not a compact set. The completion of the points such that either a = ε or b = ε is the gut.
For each given complementary region, we shall call I(ε) the union of interstitial regions, and G(ε) the gut. They intersect in a compact set with empty interior. As it follows from the discussion above, I(ε) can be made as thin as we wish, by taking sufficiently small ε. More details can be found in [7, 10] . that is, G * (ε) is the closure of the points that return infinitely many times to G(ε).
Γ is a non-trivial complete set, and it is the countable union of the closed sets I N (ε) with N > 0 and G * (ε) defined above. Hence, by a Baire category argument, there is at least one these sets that has non-empty interior.
Next, we examine each of the possibilities and conclude that there must exist a pair of strongly heteroclinically related periodic points, which ends the proof of Theorem 1.6, and then of Theorem 1.1.
6.2.1. G * (ε) has non-empty interior: G * (ε) is a closed invariant set. By definition of G * (ε) and compactness of G(ε), we have ∅ = ω(x) ∩ G(ε) for all x ∈ G * (ε). The dynamics of f | G(ε) is hyperbolic, therefore ω(x) is the orbit of a periodic point p if and only if x ∈ W ss (p). Obviously, W ss (p) need not be contained in G(ε). Recall that f | Γ is hyperbolic. Since G * (ε) has non-empty interior, there exists x ∈ G * (ε) such that ω(x) is not a periodic point, for otherwise G * (ε) would be contained in a countable union of stable and unstable manifolds. Take a nonperiodic point y ∈ ω(x) ∩ G(ε). The Anosov Closing Lemma applies and implies that there is a sequence of periodic points p n → y. Since the convergence is in the intrinsic topology, this implies that there are p n 1 and p n 2 in Γ ⊂ K that are strongly heteroclinically related.
Ψ(x) the first intersection of V
